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Abstract
In the framework of WZW-like open superstring field theory (SSFT) including the Ramond (R)
sector whose action was constructed by Kunitomo and Okawa, we truncate the string fields in both
the Neveu–Schwarz (NS) and R sectors up to the lowest massless level and obtain the ten-dimensional
super Yang–Mills (SYM) action with bosonic extra term by explicit calculation of the SSFT action.
Furthermore, we compute a contribution from the massive part up to the lowest order and find
that the bosonic extra term is canceled and instead a fermionic extra term appears, which can be
interpreted as a string correction to the SYM action. This calculation is an extension to the R sector
of the earlier work by Berkovits and Schnabl in the NS sector. We also study gauge transformation,
equation of motion, and spacetime supersymmetry transformation of the massless component fields
induced from those of string fields.
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1 Introduction
It is expected that open superstring theory describes super Yang–Mills theory at low energy. Some
time ago, Berkovits and Schnabl [1] showed that the Yang–Mills action is derived from Berkovits’ Wess–
Zumino–Witten (WZW)-like action for open superstring field theory [2] in the Neveu–Schwarz (NS)
sector. Recently, Kunitomo and Okawa have constructed a complete action for open superstring field
theory including the Ramond (R) sector as an extension of the WZW-like action [3]. Therefore, it
is natural to expect that the ten-dimensional super Yang–Mills (SYM) action can be derived from it.
Furthermore, an explicit formula for spacetime supersymmetry transformation in terms of string fields
has been proposed in Refs. [4, 5] and hence we can compare the induced transformation of the component
fields and the conventional supersymmetry transformation of SYM.
As a first step toward the above issue, we adopt the level truncation method at the lowest level, which
corresponds to the massless component fields due to the GSO projection. We perform explicit calculations
in the superstring field theory in both NS and R sectors and obtain the SYM action with extra bosonic
term, O(A4µ), in terms of the component fields [6]. We compute a contribution to the effective action of
massless fields from the massive part of string fields in the zero-momentum sector, up to lowest order
with respect to the coupling constant, and find that the extra O(A4µ) is canceled
3 and, instead, an extra
fermionic term, O(λ4α˙), appears in the order of (α
′)1, which can be interpreted as a string correction to
SYM.
We also derive the induced gauge and supersymmetry transformations up to nonzero lowest order and
find that the resulting formulas are consistent with those of the conventional SYM.
The organization of this paper is as follows. In the next section, we briefly review the action of open
superstring field theory in terms of Kunitomo and Okawa’s formulation. In Sect. 3, we derive the explicit
form of the level-truncated action at the lowest level. In Sect. 4, we evaluate the contribution from the
massive part. In Sect. 5, we find the induced transformations from those of the superstring field theory.
In Sect. 6, we give some concluding remarks. In the appendix we summarize our convention on spin
fields, which is necessary for explicit computations.
2 A brief review of a WZW-like action for open superstring field
theory including the R sector
Let us first review Kunitomo and Okawa’s action [3] for open superstring field theory (SSFT).
As an extension of Berkovits’ WZW-like action in the NS sector, Kunitomo and Okawa proposed a
complete action for open superstring field theory including the R sector as follows:
S[Φ,Ψ] = SNS[Φ] + SR[Φ,Ψ] , (2.1)
SNS[Φ] = −
ˆ 1
0
dt〈At(t), QAη(t)〉 , (2.2)
SR[Φ,Ψ] = −1
2
〈〈Ψ, Y QΨ〉〉 −
ˆ 1
0
dt〈At(t), (F (t)Ψ)2〉 . (2.3)
The action is a functional of string fields: Φ and Ψ. 〈 , 〉 and 〈〈 , 〉〉 are the BPZ inner product in
the large and small Hilbert space, respectively. Q is the BRST operator and η is the zeromode of
η(z) : η =
¸
dz
2piiη(z). We use the relation of the superconformal ghosts between (β, γ) and (ξ, η, φ) as
β(z) = ∂ξe−φ(z) and γ(z) = eφη(z). Φ is a Grassmann even string field in the NS sector, whose ghost
number (ngh) and picture number (npic) are both zero, and expanded by the states in the large Hilbert
3This result has already been obtained in Ref. [1] in computation in the NS sector.
1
space. At(t), Aη(t), and F (t) are defined by
At(t) = (∂te
tΦ)e−tΦ = Φ , Aη(t) = (ηetΦ)e−tΦ , (2.4)
F (t)Ψ = Ψ+ Ξ {Aη(t),Ψ}+ Ξ {Aη(t),Ξ {Aη(t),Ψ}}+ · · · (2.5)
=
∞∑
k=0
Ξ{Aη(t),Ξ{Aη(t), . . . ,Ξ{Aη(t),︸ ︷︷ ︸
k
Ψ} . . . }}, (2.6)
where Ξ = Θ(β0), the Heaviside step function of β0.
4 Ψ is a Grassmann odd string field in the R
sector with (ngh, npic) = (1,−1/2), and it is expanded by the states in the restricted small Hilbert space.
Namely, the conditions for the R string field are
ηΨ = 0, XYΨ = Ψ . (2.7)
X and Y are kinds of picture-changing operators with the picture number 1 and −1, respectively:
X = −δ(β0)G0 + δ′(β0)b0 = {Q,Θ(β0)} , (2.8)
Y = −c0δ′(γ0) , (2.9)
where XYX = X and Y XY = Y hold and therefore XY gives a projector: (XY )2 = XY .
In the following, we consider SSFT on the N BPS D9-branes in the flat ten-dimensional spacetime,
and hence the string fields have the Chan–Paton factors implicitly and the GSO projection is imposed
on the string fields.
Gauge transformation The action in Eq. (2.1) is invariant under the following infinitesimal gauge
transformations:
Aδg(Λ,λ,Ω) = QΛ +DηΩ+ {FΨ, FΞ({FΨ,Λ} − λ)} , Aδ ≡ (δeΦ)e−Φ , (2.10)
δg(Λ,λ)Ψ = Qλ+XηFΞDη({FΨ,Λ} − λ) , (2.11)
where F = F (t = 1),
DηB = ηB − [Aη, B} , Aη = Aη(t = 1) , (2.12)
and the gauge parameter λ in the R sector is in the restricted small Hilbert space, namely,
ηλ = 0 , XY λ = λ . (2.13)
Λ and Ω are gauge parameters in the NS sector in the large Hilbert space.
Equation of motion Taking the variation of the action in Eq. (2.1) with respect to the string fields,
Φ and Ψ, we have the equations of motion as follows:
QAη + (FΨ)
2 = 0 , QΨ+XηFΨ = 0 . (2.14)
The second equation is consistent with the condition for Ψ, which is in the restricted small Hilbert space.
4In Ref. [7], a better expression for Ξ has been proposed.
2
Spacetime supersymmetry In the ten-dimensional Minkowski spacetime, the SSFT action in Eq. (2.1)
is invariant under the spacetime supersymmetry transformation, which is given by [4]:5
AδS = e
Φ SΞ(e−ΦFΨeΦ) e−Φ + {FΨ, FΞAS} , AS = (SeΦ)e−Φ , (2.15)
δSΨ = XηFΞSAη , (2.16)
where S is a derivation with respect to the star product of string fields and is given by a constant Weyl
spinor ǫα˙ and the spin field with npic = −1/2 :
S = ǫα˙
˛
dz
2πi
Sα˙(−1/2)(z) . (2.17)
We use a bosonized formulation of spin fields as in the appendix for the following explicit computation.
3 Level truncation of string fields in the NS and R sectors
Here, we evaluate the SSFT action in Eq. (2.1) using the level truncation method explicitly. We define
the level of string fields as the eigenvalue of L0 = {Q, b0}, except for a contribution from momentum. We
expand the string fields with component fields up to the lowest level in both NS and R sectors.
3.1 Level-truncated action in the NS sector
In the NS sector, we expand a string field Φ with (ngh, npic) = (0, 0) in the large Hilbert space. The
lowest-level state is
cξe−φeik·X(0)|0〉 , (3.1)
which corresponds to the tachyon, but it is excluded by the GSO projection of Eq. (A.5). The lowest-level
states on the GSO projected space are
eik·X(0)|0〉 , cξψµe−φeik·X(0)|0〉 , c∂cξ∂ξe−2φeik·X(0)|0〉 , (3.2)
which correspond to the massless level. The first one can be eliminated by the Ω-gauge transformation
in Eq. (2.10), which can be rewritten as e−Φδg(Ω)eΦ = η(e−ΦΩeΦ) and has an expression for finite
transformation: eΦ
′
= eΦg with ηg = 0, because it can be rewritten as eik·X(0)|0〉 = η (ξeik·X(0)|0〉).
In the following, we take into account only the other two states and their component fields as a level-
truncated string field Φ0 in the NS sector. Namely, we use a partial gauge-fixing condition, ξ0Φ = 0.
After Ref. [1], we use the notation
ΦA =
ˆ
d10k
(2π)10
Aµ(k)VµA(k)(0)|0〉 , VµA(k) = cξe−φψµ(z) eik·X(z,z¯) , (3.3)
ΦB =
ˆ
d10k
(2π)10
B(k)VB(k)(0)|0〉 , VB(k) = c∂cξ∂ξe−2φ(z) eik·X(z,z¯) , (3.4)
where Aµ(k) and B(k) are the Fourier modes of component bosonic fields in the ten-dimensional space-
time.
5Another form of supersymmetry transformation has been proposed in Ref. [5]. The difference does not matter in our
paper because we compute only the linearized one in Eq. (5.20).
3
The NS action in Eq. (2.2), which is the same as Berkovits’ WZW-like action, can be expanded as
SNS[Φ] =
∞∑
M,N=0
(−1)N (M +N)!
(M +N + 2)!M !N !
〈QΦ,ΦM (ηΦ)ΦN 〉
=
1
2
〈QΦ, ηΦ〉+ 1
3!
(〈QΦ,Φ ηΦ〉 − 〈QΦ, ηΦΦ〉)
+
1
4!
(〈QΦ,Φ2 ηΦ〉 − 2〈QΦ,Φ ηΦΦ〉+ 〈QΦ, ηΦΦ2〉) +O(Φ5) , (3.5)
and we truncate the string field Φ in the NS sector to the sum of Eqs. (3.3) and (3.4): Φ0 = ΦA +ΦB.
Using the BRST transformations
[Q,VµA(k)] = −α′k2c∂cξe−φψµeik·X
−
√
2α′c(: k · ψψµ : + i
α′
∂Xµ + (: ηξ : +∂φ)kµ)eik·X + ηeφψµeik·X , (3.6)
[Q,VB(k)] = −
√
2α′c∂cξk · ψe−φeik·X + (−∂c+ 2c(: ηξ : +∂φ))eik·X (3.7)
on the real axis, where Q =
¸
dz
2pii (c(T
m + T φ + T ξη) + bc∂c+ eφηGm − η∂ηe2φb), Tm = − 1α′ ∂Xµ∂Xµ −
1
2ψ
µ∂ψµ, and G
m = i
√
2
α′ψ
µ∂Xµ, we can evaluate the kinetic term
1
2 〈QΦ0, ηΦ0〉. For the interaction
terms, we use the explicit form of the conformal maps, which defines the n-string term. Namely, for
Ak = Ak(0)|0〉 (k = 1, 2, . . . , n), we have
〈A1, A2 · · ·An〉 = 〈g(n)1 ◦A1(0) g(n)2 ◦A2(0) · · · g(n)n ◦An(0)〉UHP , (3.8)
g
(n)
k (z) = h
−1(eipi
2k−1−n
n (h(z))
2
n ) = tan
(
2
n
arctan z +
π
2n
(2k − 1− n)
)
, (3.9)
with the map from the upper half-plane to the unit disk: h(z) = 1+iz1−iz . The normalization of the large
Hilbert space is given by
〈ξ(y)1
2
c∂c∂2c(z)e−2φ(w)eik·X(x,x¯)〉UHP = (2π)10δ10(k) . (3.10)
In particular, with respect to the φ-charge, the terms such as Φn−2ηΦQΦ are linear combinations of
eqφ with q ≤ 2 − n because ΦA ∼ e−φ; ηΦA ∼ e−φ; ΦB ∼ e−2φ; ηΦB ∼ e−2φ; QΦA ∼ e−φ, 1, eφ and
QΦB ∼ e−φ, 1, which imply that the higher-order interaction terms, O(Φ5) in Eq. (3.5), vanish for
Φ0 = ΦA +ΦB. Then, we obtain
SNS[Φ0] =
ˆ
d10xTr
[
α′
2
Aµ∂
2Aµ + i
√
2α′B∂µAµ +B2 +
i
√
2α′
2
∂µA˜ν [A˜
µ, A˜ν ]
]
(3.11)
+
ˆ
d10x2
α′
2 ((∂1−∂3)2+(∂2−∂4)2)Tr
[
1
8
Aµ(x1)Aν(x2)A
µ(x3)A
ν(x4)− 1
2
Aµ(x1)Aν(x2)A
ν(x3)A
µ(x4)
]
xi=x
,
where the trace is taken over the indices of the Chan–Paton factors, Ta; Aµ(x) and B(x) are given by
Aµ(x) = A
a
µ(x)Ta =
ˆ
d10k
(2π)10
Aµ˙(k)e
ik·x , B(x) = Ba(x)Ta =
ˆ
d10k
(2π)10
B(k)eik·x ; (3.12)
and A˜µ is defined as
A˜µ(x) = K
−α′∂2Aµ(x) , K ≡ 4
3
√
3
. (3.13)
We note that the reality condition for the NS string field, bpz−1 ◦ Φ† = −Φ [8], implies the (anti-
)Hermiticity of the component fields: Aµ(x)
† = Aµ(x) and B(x)† = −B(x).
4
Integrating out the scalar component field B(x) in Eq. (3.11),6 or using the equation of motion for B,
B = −i
√
α′/2 ∂µAµ, and taking the small-momentum limit: K−α
′∂2 ∼ 1 and 2α
′
2 ((∂1−∂3)2+(∂2−∂4)2) ∼ 1,
we have
SNS[Φ0] = −α
′
4
ˆ
d10xTr
(
∂µAν − ∂νAµ − i√
2α′
[Aµ,Aν ]
)2
− 1
4
ˆ
d10xTr[
1
2
AµAνA
µAν +AµAνA
νAµ] . (3.14)
The first line on the right-hand side corresponds to the ordinary Yang–Mills action and the second line
is the difference from it. Actually, it is known that the difference is canceled by the contribution from
massive component fields [1].
3.2 Level-truncated action including the R string field
In the R sector, the string field Ψ, which has (ngh, npic) = (1,−1/2), is in the restricted small Hilbert
space. The lowest-level states are given by spin fields with (−1/2)-picture:
cSα(−1/2)e
ik·X(0)|0〉 , cSα˙(−1/2)eik·X(0)|0〉 , (3.15)
where α and α˙ are spinor indices with 16 components, and they correspond to the massless level. By the
GSO projection in Eq. (A.5), only the state with the dotted spinor remains in our convention. Hence, we
expand the level-truncated string field Ψ0 as
Ψ0 =
ˆ
d10k
(2π)10
λα˙(k)V α˙λ (k)(0)|0〉 , V α˙λ (k) = cSα˙(−1/2)(z) eik·X(z,z¯) , (3.16)
where λα˙(k) is the Fourier mode of a fermionic component field, which is the Weyl spinor in the ten-
dimensional spacetime. This string field Ψ0 is Grassmann odd, and we find that it is indeed in the
restricted small Hilbert space: ηΨ0 = 0 and XYΨ0 = Ψ0.
Similarly to the NS sector, we derive an explicit expression of the action including the R string field
in terms of the component fields. The action in Eq. (2.3) is expanded as
SR[Φ,Ψ] = −1
2
〈〈Ψ, Y QΨ〉〉 − 〈Φ,Ψ2〉+O(Φ2Ψ2) , (3.17)
and we truncate the string fields up to the lowest level: the NS string field Φ to Φ0 = ΦA +ΦB and the
R string field Ψ to Ψ0 given in Eq. (3.16).
The kinetic term in the R sector is evaluated using the normalization of the small Hilbert space:
〈〈1
2
c∂c∂2c(z)e−2φ(w)eik·X(x,x¯)〉〉UHP = (2π)10δ10(k) . (3.18)
It is convenient to use 〈〈Ψ, Y QΨ〉〉 = 〈〈Ψ, YmidQΨ〉〉 [3] for calculation, where Ymid = Y (i) is the midpoint
insertion of the conventional inverse picture-changing operator Y (z) = c∂ξe−2φ(z). With the BRST
transformation
[Q,V α˙λ (k)] = −α′k2c∂cSα˙(−1/2)eik·X − i
√
α′kµ(Γµ)α˙βηcS
β
(1/2)e
ik·X (3.19)
6We note that ΦB does not contribute to the terms including the R string fields, up to the lowest level, as we see in
Sect. 3.2.
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on the real axis, we have
−1
2
〈〈Ψ0, YmidQΨ0〉〉 =
√
α′
2
ˆ
d10xTr
[
λα˙(Γ
µC)α˙β˙∂µλβ˙
]
, (3.20)
where
λα˙(x) = λ
a
α˙(x)Ta =
ˆ
d10k
(2π)10
λα˙(k)e
ik·x . (3.21)
For the cubic interaction term, we find 〈ΦB,Ψ20〉 = 0 by counting the number of c ghosts. With a similar
manipulation to the NS sector, the remaining term is evaluated as
− 〈ΦA,Ψ20〉 =
i√
2
ˆ
d10xTr
[
A˜µλ˜α˙(Γ
µC)α˙β˙ λ˜β˙
]
, (3.22)
where
λ˜α˙(x) = K
−α′∂2λα˙(x) (3.23)
as in Eq. (3.13). For higher interaction terms, we find that O(Φ2Ψ2) in Eq. (3.17) with Φ = Φ0 and
Ψ = Ψ0 vanishes thanks to the normalization in Eq. (3.10) because ΦA ∼ c, ΦB ∼ cc, and Ψ0 ∼ c,
with respect to the bc-ghost sector. From Eqs. (3.20), (3.22), and (3.17), for the small-momentum limit
K−α
′∂2 ∼ 1, we have obtained
SR[Φ0,Ψ0] = −
√
α′
2
ˆ
d10xTr
[
iλˆα(CΓµ)αβDµλˆ
β
]
, (3.24)
where
λˆα = Cαβ˙λβ˙ , (3.25)
Dµλˆ = ∂µλˆ− i√
2α′
[Aµ, λˆ] . (3.26)
The above form of SR[Φ0,Ψ0] just corresponds to the gaugino term of the ten-dimensional SYM action.
4 Contribution from the massive part
Here, we consider a contribution to the effective action of massless fields, Aµ and λˆ
α, obtained in the
previous section, from the massive part of string fields, Φ and Ψ, in the same way as Ref. [1]. The SSFT
action with the coupling constant g, which is obtained by replacing g−2S[gΦ, gΨ] using Eq. (2.1) with
S[Φ,Ψ], can be expanded as
S[Φ,Ψ] = −1
2
〈ηΦ, QΦ〉+ g
6
〈ηΦ, [Φ, QΦ]〉
− 1
2
〈〈Ψ, Y QΨ〉〉 − g〈Φ,Ψ2〉+O(g2) . (4.1)
In this section, we concentrate on the zero-momentum sector, and then the level-truncated string fields,
Φ0, Ψ0, satisfy QηΦ0 = 0, QΨ0 = 0 because of Eqs. (5.17) and (5.18) with B = −i
√
α′/2 ∂µAµ. We also
note that Φ0 satisfies ξ0ηΦ0 = Φ0, namely, the partial gauge-fixing condition. Around the massless part
of the string fields, Φ0, Ψ0, we expand the string fields Φ, Ψ as Φ0 +R, Ψ0 + S, where R and S are the
6
massive part in the NS and R sector respectively, and we have
S[Φ0 +R,Ψ0 + S]− S[Φ0,Ψ0] = −1
2
〈ηR,QR〉+ g
2
〈ηR, [Φ0, QΦ0]〉 − g〈R, (Ψ0)2〉
− 1
2
〈〈S, Y QS〉〉 − g〈〈S, {ηΦ0,Ψ0}〉〉+ · · · (4.2)
from Eq. (4.1). Here, (+ · · · ) denotes the higher-order terms in g when R and S are assumed to be O(g).
Varying the above with respect to the massive part, we have equations of motion
QηR = g
(
−1
2
{ηΦ0, QΦ0} − (Ψ0)2
)
+ · · · , QS = g (−X {ηΦ0,Ψ0}) + · · · , (4.3)
and these can be solved by using the propagators in Ref. [9] as
Rs = −g ξ0b0
L0
(
1
2
η[Φ0, QΦ0] + (Ψ0)
2
)
, Ss = −g b0Xη
L0
[Φ0,Ψ0] , (4.4)
up to lowest order in g, where Rs satisfies the partial gauge-fixing condition: ξ0Rs = 0.
Expanding the massive part of string fields around Eq. (4.4) as R = R′ +Rs, S = S′ + Ss, we have
S[Φ0 +R
′ +Rs,Ψ0 + S′ + Ss]− S[Φ0,Ψ0]
=
1
2
〈QR′, ηR′〉 − 1
2
〈〈S′, Y QS′〉〉
− 1
2
〈QRs, ηRs〉+ 1
2
〈〈Ss, Y QSs〉〉+ · · · , (4.5)
where linear terms with respect to R′ and S′ vanish and therefore the massive part decouples from the
massless part. The second line on the right-hand side gives a contribution to the effective action of the
massless fields, which can be computed as
−1
2
〈QRs, ηRs〉+ 1
2
〈〈Ss, Y QSs〉〉 = g
2
8
〈[Φ0, QΦ0], b0
L0
{ηΦ0, QΦ0}〉+ g
2
2
〈〈(Ψ0)2, b0
L0
(Ψ0)
2〉〉
− g
2
2
〈(Ψ0)2, b0
L0
[Φ0, QΦ0]〉 − g
2
2
〈{QΦ0,Ψ0} , b0
L0
[Φ0,Ψ0]〉 . (4.6)
In the computation for the term including Ss, we manipulated X as in Ref. [9]. Namely, we rewrote it as
1
2
〈〈Ss, Y QSs〉〉 = g
2
2
〈〈{ηΦ0,Ψ0} , b0X
L0
{ηΦ0,Ψ0}〉〉
=
g2
2
〈ξ0ηΦ0,Ψ0 b0X
L0
{ηΦ0,Ψ0}〉+ g
2
2
〈ξ0ηΦ0, b0X
L0
{ηΦ0,Ψ0}Ψ0〉
=
g2
2
〈[Φ0,Ψ0], b0X
L0
{ηΦ0,Ψ0}〉
=
g2
2
〈[Φ0,Ψ0], b0
L0
QΞ {ηΦ0,Ψ0}〉 = g
2
2
〈[Φ0,Ψ0],
(
1−Q b0
L0
)
Ξ {ηΦ0,Ψ0}〉
=
g2
2
〈[Φ0,Ψ0],Ξ {ηΦ0,Ψ0}〉 − g
2
2
〈{QΦ0,Ψ0} , b0
L0
[Φ0,Ψ0]〉 , (4.7)
where the first term of the last expression vanishes due to the number of c-ghosts and the normalization
in Eq. (3.10).
7
The first term of the right-hand side of Eq. (4.6) has been evaluated in Ref. [1]:
1
8
〈[Φ0, QΦ0], b0
L0
{ηΦ0, QΦ0}〉
= −
ˆ
d10xTr[AµAνAρAσ]
ˆ ∞
0
dt e−t(e−2ta2 − 1
a2
)
(
ηµρηνσ
(a−1 + e−ta)4
+
ηµσηνρ
(a−1 − e−ta)4
)
=
1
4
ˆ
d10xTr[
1
2
AµAνA
µAν +AµAνA
νAµ] , (4.8)
where
a = tan
π
8
=
√
2− 1 . (4.9)
Equation (4.8) cancels the extra term of Eq. (3.14) in the NS sector. We note that the component field
B in Φ0 does not contribute to the above thanks to the equation of motion, B = −i
√
α′/2∂µAµ in the
lowest order in g, which is negligible in the zero-momentum sector. The remaining terms of the right-
hand side of Eq. (4.6), which includes the R sector, do not shift the coefficient of the O(Aµλˆλˆ) term of
Eq. (3.24). Furthermore, we can neglect the third and fourth terms in Eq. (4.6), namely
− 1
2
〈(Ψ0)2, b0
L0
[Φ0, QΦ0]〉 = 0, −1
2
〈{QΦ0,Ψ0} , b0
L0
[Φ0,Ψ0]〉 = 0 , (4.10)
because of Eq. (3.10), noting that VµA(k = 0) = cξe−φψµ, [Q,VµA(k = 0)] = −i
√
2/α′ c∂Xµ+ηeφψµ, V α˙λ (k =
0) = cSα˙(−1/2). The second term of Eq. (4.6) can be evaluated, in a similar way to Eq. (4.8), as
1
2
〈〈(Ψ0)2, b0
L0
(Ψ0)
2〉〉 = 1
2
ˆ
d10xTr[λα˙λβ˙λγ˙λδ˙]〈〈cSα˙(−1/2) ∗ cSβ˙(−1/2),
b0
L0
(cSγ˙(−1/2) ∗ cS δ˙(−1/2))〉〉
=
1
2
ˆ
d10xTr[λα˙λβ˙λγ˙λδ˙]〈0|cSα˙(−1/2)(−
√
3)cSβ˙(−1/2)(
√
3)U3
b0
L0
U †3 cS
γ˙
(−1/2)(
1√
3
)cS δ˙(−1/2)(
−1√
3
)|0〉
=
1
2
ˆ
d10xTr[λα˙λβ˙λγ˙λδ˙]
ˆ ∞
0
dt〈Sα˙(−1/2)(−
1
a
)Sβ˙(−1/2)(
1
a
)Sγ˙(−1/2)(e
−ta)S δ˙(−1/2)(−e−ta)〉
× 〈0|c(−1
a
)c(
1
a
)b0c(e
−ta)c(−e−ta)|0〉 , (4.11)
where a is given in Eq. (4.9) and U3 is given in Refs. [10, 11], which corresponds to the conformal map
tan
(
2
3 arctan z
)
. For the bc-ghost sector, we have
〈0|c(−1
a
)c(
1
a
)b0c(e
−ta)c(−e−ta)|0〉 = −4e−t(e−2ta2 − 1
a2
) (4.12)
with the normalization 〈0|c−1c0c1|0〉 = 1. As for the φ-ghost and the spin field sector, we note that7
〈Sα˙1(−1/2)(z1)Sα˙2(−1/2)(z2)Sα˙3(−1/2)(z3)Sα˙4(−1/2)(z4)〉
= δA˙1+A˙2+A˙3+A˙4,0
(∏
p<q
(zpq)
∑5
i=1 A˙
i
pA˙
i
q− 14
)
exp

iπ

∑
p<q
5∑
i,j=1
A˙ipMijA˙
j
q +
1
2
5∑
j=1
M6j(A˙
j
2 + A˙
j
4)




=
1
2z12z13z24z34
(ΓµC)α˙1α˙2(ΓµC)
α˙3α˙4 − 1
2z13z14z23z24
(ΓµC)α˙4α˙1(ΓµC)
α˙2α˙3 , (4.14)
7The last expression is consistent with the formula in Ref. [12] using the Fierz identity:
(ΓµC)α˙β˙(ΓµC)
γ˙δ˙ + (ΓµC)α˙γ˙(ΓµC)
δ˙β˙ + (ΓµC)α˙δ˙(ΓµC)
β˙γ˙ = 0 . (4.13)
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where zpq = zp − zq, and it leads to
〈Sα˙(−1/2)(−
1
a
)Sβ˙(−1/2)(
1
a
)Sγ˙(−1/2)(e
−ta)S δ˙(−1/2)(−e−ta)〉
=
et
8(a−1 + e−ta)2
(ΓµC)α˙β˙(ΓµC)
γ˙δ˙ − 1
2(a−2 − e−2ta2)2 (Γ
µC)δ˙α˙(ΓµC)
β˙γ˙ . (4.15)
With the above and Eq. (4.12), Eq. (4.11) is rewritten as
1
2
〈〈(Ψ0)2, b0
L0
(Ψ0)
2〉〉
=
1
4
ˆ
d10xTr[λα˙λβ˙λγ˙λδ˙]
ˆ ∞
0
dt
(
a−1 − e−ta
a−1 + e−ta
(ΓµC)α˙β˙(ΓµC)
γ˙δ˙ − 4e
−t
a−2 − e−2ta2 (Γ
µC)δ˙α˙(ΓµC)
β˙γ˙
)
=
1
4
ˆ
d10xTr
[
(λTΓµCλ)(λTΓµCλ)
] ˆ ∞
0
dt
(
1 +
2ae−t
a−1 − e−ta
)
. (4.16)
However, the last expression includes the divergent integration
´∞
0
dt 1, which can be interpreted as a
contribution from the massless part (L0 = 0) in the integration
1
L0
=
´∞
0 dt e
−tL0 . In deriving the
equations of motion for the massive part, Eq. (4.3), we should multiply a projection P , which subtracts
the massless part, on the right-hand side, and this implies that we should replace 1L0 → 1L0P in the above.
Namely, inserting the projection, we can subtract the divergent term as
1
2
〈〈(Ψ0)2, b0
L0
P(Ψ0)2〉〉 = 1
4
ˆ
d10xTr
[
(λTΓµCλ)(λTΓµCλ)
] ˆ ∞
0
dt
2ae−t
a−1 − e−ta
=
1
2
log
(
2(
√
2− 1)
)ˆ
d10xTr
[
(λˆTCΓµλˆ)(λˆTCΓµλˆ)
]
, (4.17)
where we have used Eqs. (4.9) and (3.25).
Eventually, including a contribution from the massive part to the massless effective action in both NS
and R sectors, Eqs. (3.14) and (3.24), we have
S =
ˆ
d10xTr
[
−α
′
4
(
∂µAν − ∂νAµ − ig√
2α′
[Aµ,Aν ]
)2
−
√
α′
2
iλˆTCΓµ
(
∂µλˆ− ig√
2α′
[Aµ, λˆ]
)
+
1
2
log
(
2(
√
2− 1)
)
g2(λˆTCΓµλˆ)(λˆTCΓµλˆ)
]
. (4.18)
Rewriting
√
α′Aµ → Aµ, (α′)1/4λˆ→ λˆ, and 1√2α′ g → g for the canonical form, we obtain
S =
ˆ
d10xTr
[
−1
4
(∂µAν − ∂νAµ − ig[Aµ,Aν ])2 − 1
2
iλˆTCΓµ
(
∂µλˆ− ig[Aµ, λˆ]
)
+ log
(
2(
√
2− 1)
)
α′g2(λˆTCΓµλˆ)(λˆTCΓµλˆ)
]
, (4.19)
where the first line is the same as the action of ten-dimensional SYM and the second line can be regarded
as an α′-correction due to a superstring.
Concerning the α′-correction, we comment on the term of the form α′gTr [FµνF νσF µσ ] for the field
strength, Fµν = ∂µAν − ∂νAµ − ig[Aµ,Aν ], which was investigated in Refs. [13, 14]. In this section,
we have included only the zero-momentum sector for contributions from the massive part, and then if
the above term exists, it should appear in the form α′g4Tr [i[Aµ, Aν ][Aν , Aσ][Aσ, Aµ]], which is a higher
order in g than Eq. (4.19). In this sense, it is necessary to perform further computations including the
nonzero-momentum sector or higher-order terms in g in order to compare the action from SSFT with the
non-Abelian Born–Infeld action [15].
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5 Induced transformations at the lowest order
Here, we derive the gauge and spacetime supersymmetry transformations for massless component fields
from those of string fields given in Refs. [3, 4, 5]. We perform explicit computations up to the lowest
order for simplicity.
5.1 Gauge transformation
The linearized version of Eqs. (2.10) and (2.11) is given by
δ(0)g Φ = QΛ+ ηΩ , δ
(0)
g Ψ = Qλ . (5.1)
At the massless level, we have
Λε =
ˆ
d10k
(2π)10
ε(k)cξ∂ξe−2φeik·X(0)|0〉 , Ωω =
ˆ
d10k
(2π)10
ω(k)ξeik·X(0)|0〉 (5.2)
for the gauge transformation parameter string fields in the NS sector, Λ and Ω, and we have no states for
λ-gauge transformation in the R sector at this level. In order to respect the partial gauge-fixing condition
ξ0Φ = 0, we take the gauge parameter as ω(k) = ε(k) = ε
a(k)Ta and we have
QΛε + ηΩε =
ˆ
d10k
(2π)10
(
−α′k2ε(k)VB(0)−
√
2α′kµε(k)VµA(0)
)
|0〉 . (5.3)
Then, from the linearized gauge transformation at the massless level,
δ(0)ε (ΦA +ΦB) ≡ QΛε + ηΩε , (5.4)
we have obtained the induced transformation for component fields:
δ(0)ε B(x) = α
′∂2ε(x) , δ(0)ε Aµ(x) = i
√
2α′∂µε(x) , ε(x) =
ˆ
d10k
(2π)10
ε(k)eik·x . (5.5)
For the gaugino field λˆα(x), the transformation is trivial: δ
(0)
ε λˆα = 0 at the linearized level. In
order to get a nontrivial transformation, we should include the interaction term of SSFT in the gauge
transformation. Expanding Eq. (2.11) as
δg(Λ)Ψ = XηFΞDη {FΨ,Λ} = Xη {Ψ,Λ}+O(ΦΨ) , (5.6)
we define
δ(1)ε Ψ0 = Xη {Ψ0,Λε} . (5.7)
Since the star product of Ψ0 and Λε has (ngh, npic) = (0,−1/2) and its φ-charge is −5/2, we expand as
{Ψ0,Λε} =
ˆ
d10k
(2π)10
|ϕα˙(k)〉(C−1)α˙α〈ϕcα(−k), {Ψ0,Λε}〉+ · · · (5.8)
at the massless level, where
ϕα˙(k) = c∂c ξ∂ξ Sα˙(−5/2)e
ik·X(0)|0〉 , ϕcα(k) = cηSα(1/2)eik·X(0)|0〉 , (5.9)
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which satisfy the normalization
〈ϕcα(k1), ϕα˙(k2)〉 = Cαα˙(2π)10δ10(k1 + k2) . (5.10)
Using the relations
〈ϕcα(k1), {Ψ0,Λε}〉 =
ˆ
d10k2
(2π)10
ˆ
d10k3
(2π)10
(−1) [λα˙(k2), ε(k3)]
× Cαα˙Kα′(k21+k22+k23)(2π)dδd(k1 + k2 + k3) , (5.11)
Xη|ϕα˙(k)〉 = −V α˙λ (k)(0)|0〉 , (5.12)
we have obtained
δ(1)ε Ψ0 =
ˆ
d10k
(2π)10
δ(1)ε λα˙(k)V α˙λ (k)(0)|0〉+ · · · , (5.13)
δ(1)ε λα˙(k) =
ˆ
d10k2
(2π)10
ˆ
d10k3
(2π)10
[λα˙(k2), ε(k3)]K
α′(k2+k22+k
2
3)(2π)dδd(k2 + k3 − k) , (5.14)
and hence the induced gauge transformation of the component field is
δ(1)ε λˆ
α(x) = −
[
ε(x), λˆα(x)
]
(5.15)
for small momentum: Kα
′(k2+k22+k
2
3) ∼ 1. Equations (5.5) and (5.15) are consistent with the ordinary
gauge transformation of the SYM.
5.2 Supersymmetry transformation at the linearized level
First, we derive explicit expressions for equations of motion for component fields from those for string
fields. The equations of motion in Eq. (2.14) are linearized as
QηΦ = 0 , QΨ = 0 . (5.16)
At the massless level, we have
QηΦ0 =
ˆ
d10k
(2π)10
(
−2(B(k)−√α′
2
kµAµ(k)
)
cηeik·X(0)|0〉
−
√
2α′
(
kµB(k)−
√
α′
2
k2Aµ(k)
)
c∂ce−φψµeik·X(0)|0〉
)
, (5.17)
QΨ0 =
ˆ
d10k
(2π)10
λα˙
(
α′k2c∂cSα˙(−1/2) + i
√
α′kµ(Γµ)α˙αηcS
α
(1/2)
)
eik·X(0)|0〉 , (5.18)
which imply that the induced linearized equations of motion are
B + i
√
α′
2
∂µAµ = 0 , i∂µB −
√
α′
2
∂2Aµ = 0 , Γ
µ∂µλˆ = 0 , (5.19)
in terms of component fields. The first two equations correspond to the Maxwell equation for the gauge
field Aµ and the last equation corresponds to the Dirac equation, and hence they are consistent with
SYM at the linearized level.
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The spacetime supersymmetry transformations in Eqs. (2.15) and (2.16) are linearized as
δ
(0)
S Φ = SΞΨ , δ(0)S Ψ = XSηΦ . (5.20)
At the massless level, the first transformation is computed as
δ
(0)
S Φ0 = SΞΨ0
=
ˆ
d10k
(2π)10
i√
2
(ǫTΓµCλ)VµA(k)(0)|0〉+ ηΩ0 , (5.21)
where Ω0 ≡ ξ0S(Ξ − ξ0)Ψ0 is a kind of Ω-gauge transformation in Eq. (2.10). Then, up to Ω-gauge
transformation, the induced linearized transformations of bosonic component fields are obtained:
δ
(0)
S Aµ =
1√
2
¯ˆǫΓµλˆ , δ
(0)
S B = 0 , (5.22)
where ǫˆ = Cǫ and ¯ˆǫ = ǫˆTC. For the second equation of Eq. (5.20), we have calculated as follows:
δ
(0)
S Ψ0 = XSηΦ0
=
ˆ
d10k
(2π)10
(√α′
2
1
2
(kµAν(k)− kνAµ(k))(ǫTΓµν)α˙
+
(
B(k) +
√
α′
2
kµAµ(k)
)
ǫα˙
)
V α˙λ (k)(0)|0〉 . (5.23)
This implies that the induced linearized transformation of the fermionic component field is given by
δ
(0)
S λˆ = i
√
α′
2
1
2
(∂µAν − ∂νAµ)Γµν ǫˆ+ (B + i
√
α′
2
∂µAµ)ǫˆ . (5.24)
We find that the induced transformations of Eqs. (5.22) and (5.24) are consistent with the conventional
supersymmetry transformation in the ten-dimensional SYM, up to the equations of motion in Eq. (5.19),
at the linearized level.
6 Concluding remarks
In this paper, we have truncated the string fields in both NS and R sectors in the framework of Kunitomo
and Okawa’s SSFT up to the lowest level (massless level) and, by evaluating the action explicitly in terms
of the component fields, we have obtained the ten-dimensional SYM action plus an extra O(A4µ) term. We
have also investigated a contribution from the massive part in the lowest order in g in the zero-momentum
sector and observed that the extra O(A4µ) cancels in the NS sector and instead an extra O(λ
4
α˙) appears
from the R sector, which can be interpreted as α′-correction.8 We have derived the gauge transformation
and the spacetime supersymmetry transformation for the massless component fields induced from those
of string fields at the lowest order. Our explicit calculation implies that the lowest-level truncation of
Kunitomo and Okawa’s SSFT action is consistent with the ten-dimensional SYM theory.
We have some remaining issues. At the present stage, we have no explicit formula for the reality
condition of the string fields including the R sector. We expect that the Majorana condition for the
massless component field in the R sector, λˆ†Γ0 = λˆTC, should be imposed by a consistent reality condition
for string fields. It would be interesting to perform similar calculations in other SSFTs such as A∞-type
8As noted at the end of Sect. 4, we should include the nonzero-momentum sector in order to discuss O(α′)-correction
completely.
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SSFT and (modified) cubic SSFT. Our concrete computations in terms of component fields might be
useful to find new methods to construct solutions of the equation of motion such as SSFT version of the
BPS condition.
We hope that our work becomes one of the steps toward physical applications of SSFT.
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A Convention of the spin fields
Here, we summarize our convention for explicit computations including the R sector, which is based on
the method developed in Ref. [12]. The worldsheet fermion ψµ (µ = 0, 1, . . . , 9) can be bosonized using
φa (a = 1, 2, . . . , 5) as
i 2−1/2(ψ0 ∓ ψ1) ≃ e±φ1c±e1 , (A.1)
2−1/2(ψ2a−2 ∓ iψ2a−1) ≃ e±φac±ea , a = 2, 3, 4, 5 , (A.2)
where the operator product expansion (OPE) among φa is φa(z)φb(w) ∼ δa,b log(z−w) , (a, b = 1, . . . , 5).
Involving the bosonized ghost φ ≡ φ6, such as φ6(z)φ6(w) ∼ − log(z − w) , the cocycle factor cλ (λ =∑6
i=1 λ
iei) is defined by
cλ = e
ipi
∑6
i,j=1 λ
iMij [∂φ
j]0 , [∂φi]0 =
˛
dz
2πi
∂φi , (A.3)
where Mij (i, j = 1, 2, . . . , 6) is given by the matrix
M =


0 0 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
−1 1 −1 0 0 0
1 1 1 1 0 0
−1 −1 −1 −1 1 0


. (A.4)
The GSO (+) projection can be expressed as
1 + (−1)G
2
, G =
6∑
i=1
[∂φi]0 . (A.5)
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The spin fields with npic = ±1/2 are expressed as
Sα(±1/2) = e
∑5
i=1 A
iφi± 12φc∑5
i=1 A
iei± 12 e6 , A
i = ±1
2
, (i = 1, . . . , 5),
5∏
i=1
Ai > 0 , (A.6)
Sα˙(±1/2) = e
∑5
i=1 A˙
iφi± 12φc∑5
i=1 A˙
iei± 12 e6 , A˙
i = ±1
2
, (i = 1, . . . , 5),
5∏
i=1
A˙i < 0 . (A.7)
In general, for Sλ ≡ e
∑6
i=1 λ
iφicλ with λ =
∑6
i=1 λ
iei, the OPE is
Sλ(y)Sλ′(z) = (y − z)λ
iηijλ
′j
eλ
iφi(y)+λ′iφi(z)eipiλ
iMijλ
′j
cλ+λ′ , (A.8)
where ηij = diag(1, 1, 1, 1, 1,−1). Corresponding to the above convention, we define the Γ-matrix as
Γ0 = −iσ1 ⊗ 12 ⊗ 12 ⊗ 12 ⊗ 12 , Γ1 = σ2 ⊗ 12 ⊗ 12 ⊗ 12 ⊗ 12 , (A.9)
Γ2 = σ3 ⊗ σ2 ⊗ 12 ⊗ 12 ⊗ 12 , Γ3 = −σ3 ⊗ σ1 ⊗ 12 ⊗ 12 ⊗ 12 , (A.10)
Γ4 = −σ3 ⊗ σ3 ⊗ σ1 ⊗ 12 ⊗ 12 , Γ5 = −σ3 ⊗ σ3 ⊗ σ2 ⊗ 12 ⊗ 12 , (A.11)
Γ6 = −σ3 ⊗ σ3 ⊗ σ3 ⊗ σ2 ⊗ 12 , Γ7 = σ3 ⊗ σ3 ⊗ σ3 ⊗ σ1 ⊗ 12 , (A.12)
Γ8 = σ3 ⊗ σ3 ⊗ σ3 ⊗ σ3 ⊗ σ1 , Γ9 = σ3 ⊗ σ3 ⊗ σ3 ⊗ σ3 ⊗ σ2 , (A.13)
and Γ11 = Γ0Γ1Γ2Γ3Γ4Γ5Γ6Γ7Γ8Γ9 = σ3 ⊗ σ3 ⊗ σ3 ⊗ σ3 ⊗ σ3, where σi (i = 1, 2, 3) is the Pauli matrix,
and we take
C = e
3
4piiσ2 ⊗ σ1 ⊗ σ2 ⊗ σ1 ⊗ σ2 , CT = −C, C† = C−1 . (A.14)
Then, we have
{Γµ,Γν} = 2ηµν , C−1ΓµC = −ΓµT , (Γµ)† = Γ0ΓµΓ0 . (A.15)
In the same way as the linear combination of the bosonization, Eqs. (A.1) and (A.2), we define
Γ±e1 =
i√
2
(Γ0 ∓ Γ1) =
√
2σ∓ ⊗ 12 ⊗ 12 ⊗ 12 ⊗ 12, (A.16)
Γ±e2 =
1√
2
(Γ2 ∓ iΓ3) = ±
√
2iσ3 ⊗ σ∓ ⊗ 12 ⊗ 12 ⊗ 12, (A.17)
Γ±e3 =
1√
2
(Γ4 ∓ iΓ5) = −
√
2σ3 ⊗ σ3 ⊗ σ∓ ⊗ 12 ⊗ 12, (A.18)
Γ±e4 =
1√
2
(Γ6 ∓ iΓ7) = ∓
√
2iσ3 ⊗ σ3 ⊗ σ3 ⊗ σ∓ ⊗ 12, (A.19)
Γ±e5 =
1√
2
(Γ8 ∓ iΓ9) =
√
2σ3 ⊗ σ3 ⊗ σ3 ⊗ σ3 ⊗ σ∓, (A.20)
where σ+ =
1
2 (σ1 + iσ2), σ− =
1
2 (σ1 − iσ2), and they can be rewritten as
Γ±ej = (±i)j−1
√
2(σ3⊗)j−1σ∓(⊗12)5−j j = 1, 2, 3, 4, 5. (A.21)
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Using the above equations, we find
Γ±ej =
(
0 (Γ±ej )α
β˙
(Γ±ej )α˙β 0
)
, j = 1, 2, 3, 4, 5, (A.22)
(Γ±ej )α
β˙
= δ±ej+A,B˙
√
2 e±ipi
∑5
k=1MjkB˙
k
, (Γ±ej )α˙β = δ±ej+A˙,B
√
2 e±ipi
∑5
k=1MjkB
k
, (A.23)
C =
(
0 Cαβ˙
Cα˙β 0
)
, (A.24)
Cαβ˙ = δA+B˙,0 e
−ipi∑6i,j=1 Ai+MijAj+ , A+ ≡ (Ai, 1/2), (A.25)
Cα˙β = −δA˙+B,0 e−ipi
∑6
i,j=1 A˙
i
−
Mij A˙
j
− , A˙− ≡ (A˙i,−1/2), (A.26)
eipi
∑5
j=1M6jA
j
= i, eipi
∑5
j=1M6jA˙
j
= −i, (ΓµC)αβ = (ΓµC)βα, (ΓµC)α˙β˙ = (ΓµC)β˙α˙ , (A.27)
and furthermore, for C−1 =
(
0 C−1
αβ˙
C−1α˙β 0
)
,
C−1
αβ˙
= −δA+B˙,0 eipi
∑6
i,j=1 A
i
+MijA
j
+ , C−1α˙β = δA˙+B,0 e
ipi
∑6
i,j=1 A˙
i
−
MijA˙
j
− , (A.28)
Cαβ˙C−1
β˙γ
= δαγ , C
α˙βC−1βγ˙ = δ
α˙
γ˙ , (C
−1Γµ)αβ = (C−1Γµ)βα, (C−1Γµ)α˙β˙ = (C
−1Γµ)β˙α˙. (A.29)
Here, we should note that the correspondence of the spinor index is
α ↔ A = (±1/2,±1/2,±1/2,±1/2,±1/2) =
5∑
i=1
Aiei,
5∏
i=1
Ai > 0, (A.30)
α˙ ↔ A˙ = (±1/2,±1/2,±1/2,±1/2,±1/2) =
5∑
i=1
A˙iei,
5∏
i=1
A˙i < 0, (A.31)
for undotted and dotted spinors.
For the spin field with npic = r,
Sαˆ(r) = e
∑5
i=1 Aˆ
iφi+rφc∑5
i=1 Aˆ
iei+re6
, α = (α, α˙) ↔ Aˆ , (A.32)
we have the OPE:
ψµ(y)Sαˆ(r)(z) ∼ (y − z)−
1
2
1√
2
(Γµ)αˆ
βˆ
Sβˆ(r)(z) .
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